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SYMMETRIC COMPLETE INTERSECTIONS
FEDERICO GALETTO, ANTHONY V. GERAMITA, AND DAVID L. WEHLAU
Abstract. We consider complete intersection ideals in a polynomial
ring over a field of characteristic zero that are stable under the action
of the symmetric group permuting the variables. We determine the
possible representation types for these ideals, and describe formulas for
the graded characters of the corresponding quotient rings.
1. Introduction
In recent work [GHW16], the last two authors, together with A. Hoefel,
analyzed a family of artinian Gorenstein algebras that are also graded rep-
resentations of the symmetric group. Taking advantage of the additional
structure, they were able to compute the graded character of the algebra,
from which the Hilbert series of the algebra can be readily obtained. Inspired
by this result, we apply similar methods to a different class of Gorenstein
algebras, namely complete intersections.
Consider the polynomial ring R = k[x1, . . . , xn] and let I ⊆ R be a
homogeneous complete intersection ideal. Such an ideal is generated by a
regular sequence f1, . . . , fr, with r 6 n. Many algebraic properties of I, such
as its Hilbert series and its graded Betti numbers, are completely determined
by the degrees of f1, . . . , fr. By Nakayama’s lemma, these numbers are the
same as the degrees of the elements in any homogeneous basis of the k-vector
space I/mI, where m = (x1, . . . , xn).
Now let the symmetric group Sn act on R by permuting the variables.
We consider complete intersection ideals I ⊆ R that are stable under the
action of Sn. In this case, the action descends to the quotient I/mI making
it a finite dimensional representation of Sn. Therefore the ideal I is further
parametrized by the isomorphism type of I/mI.
We assume k has characteristic zero, so I/mI decomposes into a direct
sum of irreducible representations. Based on this decomposition, we prove
in Proposition 2.5 that I/mI belongs to one of four families of isomorphism
types. We further examine these families in § 3, providing examples of each
and determining formulas for the graded characters of the quotient R/I.
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An important question remains open: for a fixed isomorphism type of
I/mI, in what degrees can the generators of I occur? We plan to address
this question in a future paper [GGW16].
All three authors gratefully acknowledge the partial support of NSERC
for this work.
2. Classification of Sn-stable complete intersection ideals
Throughout this paper, we consider the standard graded polynomial ring
R := k[x1, . . . , xn], where k is a field of characteristic zero. All ideals we
consider are homogeneous, unless noted otherwise. An ideal I ⊆ R is called
a complete intersection ideal if it is generated by a regular sequence [Eis95,
Ch. 17]. Note that regular sequences in R have length at most n. If I ⊆ R
is a complete intersection ideal, then every minimal generating set of I is a
regular sequence.
The symmetric group Sn acts linearly on R1 = 〈x1, . . . , xn〉 by permuting
the variables. This action extends naturally to all of R. As a result, R is a
graded representation of Sn over k.
We will use some standard notation and ideas which can be found, for
instance, in the book [Sag01]. We say λ = (λ1, . . . , λr) is a partition of n,
where the λi are positive integers λ1 > . . . > λr > 1, if
∑r
i=1 λi = n. In
this case we write λ ` n. We use the shorthand notation λmii to indicate
that the integer λi appears mi times in λ. For example, we write (2
2, 13)
to denote the partition (2, 2, 1, 1, 1). We say the partition λ = (λ1, . . . , λr)
contains the partition µ = (µ1, . . . , µs) if r > s and λi > µi for all i 6 s.
If λ = (λ1, . . . , λr) is a partition of n, then the Young diagram of λ is an
array of n boxes having r left-justified rows and with the i-th row containing
λi boxes. A Young tableau with shape λ is a bijective filling of the boxes of
the Young diagram of λ with the numbers 1, 2, . . . , n. A Young tableau is
called standard if the entries of each row form an increasing sequence from
left to right, and the entries of each column form an increasing sequence
from top to bottom.
As is well-known, the irreducible representations of the symmetric group
Sn, over a field of charcteristic zero, are in one-to-one correspondence with
the partitions of n [Sag01, Thm. 2.4.6]. Denote by Sλ the irreducible rep-
resentation associated with the partition λ. The standard Young tableaux
with shape λ form a basis of Sλ. If T is a standard tableau with shape λ
and the entries i, j belong to the same column of T , then the transposition
(i j) ∈ Sn acts on T by:
(i j)T = −T.
We do not specify the action of other permutations on T since, just using
the above equation, we can describe a property of the ideals of R generated
by a single irreducible representation Sλ.
Lemma 2.1. Let λ be a partition of n and let ϕ : Sλ → Rd be a non-
zero map of Sn-representations for some d ∈ Z. If T is a standard tableau
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with shape λ containing entries i and j in the same column, then ϕ(T ) is a
polynomial divisible by xi − xj .
Proof. Note that Schur’s Lemma implies that the map ϕ is injective (see for
example [Sag01, Thm. 1.6.5]).
Let p = ϕ(T ). Since ϕ is Sn-equivariant, we have
(i j)p = ϕ((i j)T ) = ϕ(−T ) = −ϕ(T ) = −p.
Therefore p is divisible by xi − xj . 
Corollary 2.2. Assume n > 5. Let λ be a partition containing (2, 2) and
let ϕ : Sλ → Rd be a non-zero map of Sn-representations for some d ∈ Z.
If I is the ideal of R generated by the image of ϕ, then I is not a complete
intersection.
Proof. Since λ contains (2, 2) and n > 5, there are standard tableaux T1 and
T2 with shape λ containing the squares
1 3
2 4
and
1 3
2 5
respectively. Let p1 = ϕ(T1) and p2 = ϕ(T2). By Lemma 2.1, both p1 and
p2 are divisible by x1 − x2. Since the standard tableaux on λ form a basis
of Sλ and since ϕ is injective, the images of the standard tableaux under ϕ
form a minimal generating set of the ideal I. Both p1 and p2 are part of
this minimal generating set. However, p1 and p2 have x1 − x2 as a common
factor; therefore our minimal generating set of I is not a regular sequence.
Therefore I is not a complete intersection. 
A partition of the form (a, 1b) is called a hook. A partition λ is a hook if
and only if it does not contain (2, 2). Using this terminology, Corollary 2.2
implies that an irreducible Sλ ⊆ R generating a complete intersection ideal
must be a hook. However, not all hooks generate complete intersections.
Corollary 2.3. Let λ be a hook partition of n containing (2, 1, 1) and let
ϕ : Sλ → Rd be a non-zero map of Sn-representations for some d ∈ Z. If
I is the ideal of R generated by the image of ϕ, then I is not a complete
intersection.
Proof. Since λ contains (2, 1, 1), there are standard tableaux T1 and T2 with
shape λ containing the hooks
1 4
2
3
and 1 3
2
4
respectively. Let p1 = ϕ(T1) and p2 = ϕ(T2). By Lemma 2.1, both p1 and
p2 are divisible by x1 − x2. Thus I is not a complete intersection. 
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As a consequence of Corollaries 2.2 and 2.3, the only irreducible repre-
sentations Sλ ⊆ R that can generate complete intersections are:
a) the trivial representation S(n) (1-dimensional),
b) the alternating representation S(1
n) (1-dimensional),
c) the standard representation S(n−1,1) ((n− 1)-dimensional),
d) and, for n = 4, the exceptional case S(2,2) (2-dimensional).
Moreover, there are complete intersections of each of these four types.
Note that trivial representations correspond to symmetric polynomials
while alternating representations correspond to alternating polynomials, i.e.,
products of the Vandermonde determinant on x1, . . . , xn with a symmetric
polynomial.
Consider an ideal I ⊆ R and let m = (x1, . . . , xn) be the irrelevant ideal
of R. By the graded version of Nakayama’s Lemma (see [Eis95, Cor. 4.8]),
the homogeneous polynomials f1, . . . , ft form a minimal generating set of I
if and only if their residue classes form a basis of I/mI. Thus a basis of
I/mI can be lifted to a minimal generating set of I. Equivalently, one can
define a section I/mI → I of the projection I → I/mI, and lift a basis of
I/mI along this section. Note that liftings and sections are not unique.
Now suppose I is Sn-stable. Since mI is clearly Sn-stable, the action of
Sn descends to I/mI. Hence the projection I → I/mI is a map of graded
Sn-representations and it admits degree-preserving Sn-equivariant sections.
Fix one such section and let V denote its image. The vector space V is a
graded Sn-stable subspace of I and, by our previous observations, any basis
of V is also a minimal generating set of I. We call V an Sn-equivariant lift
of I/mI to R. Observe that if V and V ′ are Sn-equivariant lifts of I/mI to
R, then V ∼= V ′ as graded Sn-representations.
Next we consider ideals that are generated by more than one irreducible
representation.
Corollary 2.4. Let I be an Sn-stable ideal of R and let V be an Sn-
equivariant lift of I/mI to R. If V contains at least two (potentially isomor-
phic) non-trivial irreducible representations of Sn, then I is not a complete
intersection.
Proof. By the hypothesis, V = W1 ⊕W2 ⊕W3, where
• W1 is the image of a non-zero Sn-equivariant map ϕ : Sλ → Rd1 for
some d1 ∈ Z and λ 6= (n);
• W2 is the image of a non-zero Sn-equivariant map ψ : Sµ → Rd2 for
some d2 ∈ Z and µ 6= (n);
• W3 is the Sn-stable complement of W1 ⊕W2 in V .
Observe that we may have W3 = 0.
Since λ and µ are both different from (n), there are standard tableaux T
with shape λ and U with shape µ both containing the entries 1 and 2 in the
same column. By Lemma 2.1, ϕ(T ) and ψ(U) are both divisible by x1−x2.
Thus I is not a complete intersection. 
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Corollary 2.4 immediately implies the following.
Proposition 2.5. Suppose I ⊆ R is an Sn-stable complete intersection
ideal. Then I/mI is isomorphic to one of the following representations:
I.
⊕m S(n), with 1 6 m 6 n, i.e., a direct sum of up to n trivial
representations;
II. S(1
n) ⊕ (⊕m S(n)), with 0 6 m 6 n − 1, i.e., a direct sum of an
alternating representation and up to n− 1 trivial representations;
III. S(n−1,1)⊕(⊕m S(n)), with 0 6 m 6 1, i.e., a direct sum of a standard
representation and up to one trivial representation;
IV. for n = 4, S(2,2) ⊕ (⊕m S(4)), with 0 6 m 6 2, i.e., a direct sum of
the irreducible representation S(2,2) and up to two trivial represen-
tations.
3. Graded characters
Let I ⊆ R be an Sn-stable complete intersection ideal. In this section,
we obtain formulas for the graded character of R/I. Recall that the Koszul
complex on the generators of I is a minimal free resolution of the quotient
R/I [Eis95, Cor. 17.5]. Since I is Sn-stable, the action of Sn extends to the
free modules in the Koszul complex and commutes with the differentials.
Throughout this section, we will denote by 〈g1, . . . , gr〉 the graded k-
vector space spanned by the polynomials g1, . . . , gr, as opposed to the ideal
generated by the same polynomials which we denote by (g1, . . . , gr). Unless
otherwise noted, tensor products are taken over k.
We begin by describing the graded character of the polynomial ring R,
which will play a fundamental role in our results. Then we will analyze the
four cases of Proposition 2.5 separately.
3.1. The graded character of the polynomial ring. Let us begin by
introducing our notation for characters; the reader may consult [Sag01, § 1.8]
for the basic definitions. Given a representation V of Sn over k, we denote
its character by χV . Recall that χV is a class function on Sn. The set C
of class functions on Sn is a commutative ring with pointwise addition and
multiplication. We write χχ′ for the product of two class functions χ,χ′ ∈ C.
For λ ` n, let χλ = χSλ denote the irreducible character of Sn corresponding
to the irreducible representation Sλ. The irreducible characters χλ form a
basis of C as a k-vector space.
If V =
⊕
d∈Z Vd is a graded representation of Sn over k, then χV will
denote its graded character; namely,
χV =
∑
d∈Z
χVdt
d.
The graded character χV is an element of the power series ring CJtK. With
the exception of the irreducible characters χλ, all characters we consider in
this section are graded.
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Let us recall some facts about the invariant theory of Sn, which can
be found, for example, in [Bro10, Thm. 4.1]. We denote by RSn the Sn-
invariant subring of R. Denote by ei ∈ RSn the i-th elementary symmetric
polynomial. The coinvariant algebra of Sn on R, denoted by RSn , is the
quotient R/(e1, . . . , en). Then we have that:
(a) RSn = k[e1, . . . , en]; in particular, RSn is a polynomial ring;
(b) R ∼= RSn ⊗RSn as graded representations of Sn.
Using (a), we can write the Hilbert series of RSn as
1∏n
j=1(1− tj)
.
By definition, Sn acts trivially on R
Sn ; thus the graded character of the
ring of invariants is
χ
RSn =
χ(n)∏n
j=1(1− tj)
.
Combining fact (b) with the equation above, we obtain the formula
χR = χRSnχRSn =
χRSn∏n
j=1(1− tj)
.
To describe the graded character of RSn we need some additional tools
from the theory of symmetric functions which can be found, for exam-
ple, in [Mac95, § I.3, § III.2, § III.6]. The Schur polynomials, denoted
by sλ(x1, . . . , xn), are a family of symmetric polynomials. The polynomials
sλ(x1, . . . , xn) with λ ` d form a basis of the graded component (RSn)d as
a k-vector space. Therefore, as λ varies over all partitions of all natural
numbers, the Schur polynomials form a basis of RSn as a k-vector space.
By extending scalars to the ring k[t], we deduce that the Schur polynomials
form a basis of RSn [t] as a k[t]-module. Another family of symmetric poly-
nomials are the Hall-Littlewood polynomials, denoted by Pλ(x1, . . . , xn; t),
which are indexed by a partition and a parameter t. As λ varies over all
partitions of all natural numbers, the Hall-Littlewood polynomials form an-
other basis of RSn [t] as a k[t]-module. The transition between these two
bases of RSn [t] is encoded by the formula
sλ(x1, . . . , xn) =
∑
µ`m
Kλ,µ(t)Pµ(x1, . . . , xn; t),
where λ ` m ∈ N. The coefficients Kλ,µ(t) are in Z[t] and are known as
Kostka-Foulkes polynomials. It is worth mentioning that the polynomials
Kλ,µ(t) can be computed using a combinatorial procedure due to A. Lascoux
and M.P. Schu¨tzenberger (see [Mac95, Ch. III (6.5) (i)]). For our purposes,
we need to use a slightly modified version of Kλ,µ(t) which we will denote
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by K˜λ,µ(t). For µ = (µ1, . . . , µr) ` n, introduce the integer
n(µ) =
r∑
i=1
(i− 1)µi,
then define
K˜λ,µ(t) = Kλ,µ(1/t)t
n(µ).
Finally, we can write a formula for the graded character of RSn :
χRSn =
∑
λ`n
χλK˜λ,(1n)(t).
An elementary proof can be found in [GP92].
Example 3.1. Let n = 4, so R = k[x1, . . . , x4]. The polynomials K˜λ,(14)(t)
for λ ` 4 are:
K˜(4),(14)(t) = 1, K˜(3,1),(14)(t) = t+ t
2 + t3,
K˜(2,2),(14)(t) = t
2 + t4, K˜(2,12),(14)(t) = t
3 + t4 + t5,
K˜(14),(14)(t) = t
6;
this can be deduced from the table of polynomials Kλ,µ(t) for n = 4 in
[Mac95, p. 239]. Therefore we have
χRS4 =
χ(4) + χ(3,1)t+ (χ(3,1) + χ(2,2))t2 + (χ(3,1) + χ(2,1
2))t3
+ (χ(2,2) + χ(2,1
2))t4 + χ(2,1
2)t5 + χ(1
4)t6,
(1)
and
χR =
χRS4∏4
j=1(1− tj)
= χRS4 (1 + t+ 2t
2 + 3t3 + 5t4 + 6t5 + . . .) =
= χ(4) + (χ(4) + χ(3,1))t+ (2χ(4) + 2χ(3,1) + χ(2,2))t2+
+ (3χ(4) + 4χ(3,1) + χ(2,2) + χ(2,1
2))t3+
+ (5χ(4) + 6χ(3,1) + 3χ(2,2) + 2χ(2,1
2))t4 + . . .
3.2. Case I: trivial representations.
Theorem 3.2. Let I ⊆ R be an Sn-stable complete intersection ideal.
Assume I/mI is isomorphic to a direct sum of m trivial representations in
degrees c1, . . . , cm. Then the graded character of R/I is
χ
R/I = χR
m∏
i=1
(1− tci).
Proof. Let V be an equivariant lift of I/mI to R. In this case, V =
〈f1, . . . , fm〉, where each fi is a homogeneous symmetric polynomial and
deg(fi) = ci. Moreover, I is minimally generated by the regular sequence
f1, . . . , fm.
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The proof is by induction on m. If m = 1, then we have a short exact
sequence
0→ R(−c1) ·f1−−→ R→ R/I → 0
of R-modules and Sn-representations. By the additivity of characters along
exact sequences, we obtain
χ
R/I = χR − χR(−c1) = χR − χRtc1 = χR(1− tc1),
which proves the base case of the induction.
If m > 1, then we have a short exact sequence
0→ R/(f1, . . . , fm−1)(−cm) ·fm−−→ R/(f1, . . . , fm−1)→ R/I → 0
of R-modules and Sn-representations. Using the inductive hypothesis, we
know that
χ
R/(f1,...,fm−1) = χR
m−1∏
i=1
(1− tci).
Finally, by additivity of characters, we have
χ
R/I = χR
m−1∏
i=1
(1− tci)− χR
m−1∏
i=1
(1− tci)tcm = χR
m∏
i=1
(1− tci).

Example 3.3. Let n = 4, so R = k[x1, . . . , x4]. Consider the ideal I ⊆ R
generated by the regular sequence e31, e
2
1 − e2, e3, e4.
By Theorem 3.2, we have
χ
R/I = χR(1− t2)(1− t3)2(1− t4) =
=
χRS4∏4
j=1(1− tj)
(1− t2)(1− t3)2(1− t4) =
= χRS4 (1 + t+ t
2).
Using equation (1), we obtain
χ
R/I = χ
(4) + (χ(4) + χ(3,1))t+ (χ(4) + 2χ(3,1) + χ(2,2))t2
+ (3χ(3,1) + χ(2,2) + χ(2,1
2))t3 + (2χ(3,1) + 2χ(2,2) + 2χ(2,1
2))t4
+ (χ(3,1) + χ(2,2) + 3χ(2,1
2))t5 + (χ(2,2) + 2χ(2,1
2) + χ(1
4))t6
+ (χ(2,1
2) + χ(1
4))t7 + χ(1
4)t8.
3.3. Case II: one alternating representation.
Theorem 3.4. Let I ⊆ R be an Sn-stable complete intersection ideal.
Assume I/mI is isomorphic to a direct sum of one alternating representation
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in degree d and m trivial representations in degrees c1, . . . , cm. Then the
graded character of R/I is
χ
R/I = χR(χ
(n) − χ(1n)td)
m∏
i=1
(1− tci).
Proof. Let V be an equivariant lift of I/mI to R. In this case, V =
〈g, f1, . . . , fm〉, where g is a homogeneous alternating polynomial of degree
d, and fi is a homogeneous symmetric polynomial of degree ci.
We have a short exact sequence
0→ R(−d)⊗ S(1n) ·g−→ R→ R/(g)→ 0
of R-modules and Sn-representations. The tensor product with the alter-
nating representation is needed make multiplication by g into a map of
Sn-representations, because g is alternating.
By the additivity of characters, we get
χ
R/(g) = χR − χR(−d)⊗S(1n) =
= χR − χR(−d)χ(1
n) =
= χRχ
(n) − χRtdχ(1n) =
= χR(χ
(n) − χ(1n)td).
Now the fi can be modded out one at a time and the proof follows the
argument used for Theorem 3.2. 
Example 3.5. Let n = 4, so R = k[x1, . . . , x4]. Consider the ideal I =
(e21, e2, e3, v) ⊆ R, where v denotes the Vandermonde determinant∏
16i<j64
(xi − xj).
It can be verified, either by hand or using computer algebra software, that
e21, e2, e3, v is a regular sequence.
Using Theorem 3.4 and the formula for χRS4 in equation (1), we have
χ
R/I = χR(χ
(4) − χ(14)t6)(1− t2)2(1− t3) =
=
χRS4∏4
i=1(1− ti)
(χ(4) − χ(14)t6)(1− t2)2(1− t3) =
= χ(4) + (χ(4) + χ(3,1))t+ (2χ(3,1) + χ(2,2))t2
+ (2χ(3,1) + χ(2,2) + χ(2,1
2))t3
+ (χ(4) + χ(3,1) + χ(2,2) + 2χ(2,1
2))t4
+ (χ(4) + χ(3,1) + χ(2,2) + 2χ(2,1
2))t5
+ (2χ(3,1) + χ(2,2) + χ(2,1
2))t6
+ (2χ(3,1) + χ(2,2))t7 + (χ(4) + χ(3,1))t8 + χ(4)t9.
10 FEDERICO GALETTO, ANTHONY V. GERAMITA, AND DAVID L. WEHLAU
3.4. Case III: one standard representation.
Theorem 3.6. Let I ⊆ R be an Sn-stable complete intersection ideal.
Assume I/mI is a direct sum of one standard representation in degree d and
m trivial representations in degrees c1, . . . , cm. Then the graded character
of R/I is
χ
R/I = χR
(
n−1∑
u=0
(−1)uχ(n−u,1u)tdu
)
m∏
i=1
(1− tci).
Note that 0 6 m 6 1 by Proposition 2.5.
Proof. Let V be an equivariant lift of I/mI to R. In this case, V =
〈g1, . . . , gn−1, f1, . . . , fm〉, where W = 〈g1, . . . , gn−1〉 is isomorphic to the
standard representation S(n−1,1), the gi are homogeneous of degree d, and
fi is a homogeneous symmetric polynomial of degree ci.
The Koszul complex K(g)• on g1, . . . , gn−1 is a minimal free resolution of
R/(g1, . . . , gn−1) as an R-module. The term of K(g)• in homological degree
u is
K(g)u ∼= R⊗
u∧
W.
As indicated in [Ful97, § 7.3, Exercise 11(b)], one can show that
u∧
S(n−1,1) ∼= S(n−u,1u).
Hence
∧uW is isomorphic to a copy of S(n−u,1u) concentrated in degree du.
It follows that the graded character of
∧uW is
χ∧uW = χ(n−u,1u)tdu,
and therefore we have
χK(g)u = χRχ∧uW = χRχ(n−u,1u)tdu.
By the additivity of characters along exact sequences, we obtain
χ
R/(g1,...,gn−1) =
n−1∑
u=0
(−1)uχK(g)u = χR
(
n−1∑
u=0
(−1)uχ(n−u,1u)tdu
)
.
Now, if there is an element f1, then it can be modded out as in the proof
of Theorem 3.2. 
Example 3.7. Let n = 4, so R = k[x1, . . . , x4]. Consider the ideal I =
(x21, x
2
2, x
2
3, x
2
4). The generators of I clearly form a regular sequence. Note
that V = 〈x21, x22, x23, x24〉 is S4-stable. Moreover, V is isomorphic to the
permutation representation of S4, which is isomorphic to S
(4) ⊕ S(3,1) (see
[Sag01, Examples 1.9.5, 2.3.8]).
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Using Theorem 3.6, we obtain
χ
R/I = χR
(
3∑
u=0
(−1)uχ(4−u,1u)t3u
)
(1− t2) =
=
χRS4∏4
i=1(1− ti)
(1− t2)
3∑
u=0
(−1)uχ(4−u,1u)t3u =
= χ(4) + (χ(4) + χ(3,1))t+ (χ(4) + χ(3,1) + χ(2,2))t2
+ (χ(4) + χ(3,1))t3 + χ(4)t4.
The computation relies on the formula for χRS4 in equation (1), and re-
quires multiplying irreducible characters of S4. This can be done using the
character table of S4, which we provide in Appendix A for the convenience
of the reader.
3.5. Case IV: one square representation.
Lemma 3.8. The S4-representation
∧2 S(2,2) is isomorphic to the alternat-
ing representation S(1
4).
Proof. Since
∧2 S(2,2) has dimension 1, it is either trivial or alternating.
Recall that the tableaux
T1 =
1 2
3 4
and T2 =
1 3
2 4
form a basis of S(2,2). Hence T1∧T2 spans
∧2 S(2,2). We determine the action
of the transposition (1 2) on T1 and T2 using the straightening algorithm
described in [Ful97, § 7.4]. We get
(1 2)T1 =
2 1
3 4
= 1 2
3 4
+ 2 3
1 4
= T1 − T2,
(1 2)T2 =
2 3
1 4
= −T2.
Therefore
(1 2)(T1 ∧ T2) = ((1 2)T1) ∧ ((1 2)T2) =
= (T1 − T2) ∧ (−T2) = −T1 ∧ T2.
We conclude that
∧2 S(2,2) is not trivial. 
Theorem 3.9. Let R = k[x1, . . . , x4]. Let I ⊆ R be an S4-stable complete
intersection ideal. Assume I/mI is isomorphic to a direct sum of one copy of
S(2,2) in degree d and m trivial representations in degrees c1, . . . , cm. Then
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the graded character of R/I is
χ
R/I = χR(χ
(4) − χ(2,2)td + χ(14)t2d)
m∏
i=1
(1− tci).
Note that 0 6 m 6 2 by Proposition 2.5.
Proof. Let V be an equivariant lift of I/mI to R. In this case, V =
〈g1, g2, f1, . . . , fm〉, where W = 〈g1, g2〉 is isomorphic to S(2,2), g1 and g2
are homogeneous of degree d, and fi is a homogeneous symmetric polyno-
mial of degree ci.
The Koszul complex K(g)• on the elements g1, g2 is a minimal free reso-
lution of R/(g1, g2) as an R-module. The terms of K(g)• are
K(g)0 ∼= R⊗
0∧
W ∼= R⊗ S(4),
K(g)1 ∼= R(−d)⊗
1∧
W ∼= R(−d)⊗ S(2,2),
K(g)2 ∼= R(−2d)⊗
2∧
W ∼= R(−2d)⊗ S(14),
where the last line follows from Lemma 3.8. By the additivity of characters
along exact sequences, we obtain
χ
R/(g1,g2) =
2∑
u=0
(−1)uχK(g)u = χR(χ(4) − χ(2,2)td + χ(1
4)t2d).
Now any element fi can be modded out as in the proof of Theorem 3.2. 
Example 3.10. The polynomials
g1 = (x1 − x2)(x3 − x4), g2 = (x1 − x3)(x2 − x4)
span a copy of S(2,2) in R. In fact, this is an example of the construction
of the irreducible representations of Sn due to Specht (see [Ful97, § 7.4,
Exercise 17]).
Consider the ideal I = (g1, g2, e2, e
3
1). It can be verified, either by hand
or using computer algebra software, that g1, g2, e2, e
3
1 is a regular sequence.
Using Theorem 3.9, we obtain
χ
R/I = χR(χ
(4) − χ(2,2)td + χ(14)t2d)(1− t2)(1− t3) =
=
χRS4∏4
i=1(1− ti)
(1− t2)(1− t3)(χ(4) − χ(2,2)td + χ(14)t2d) =
= χ(4) + (χ(4) + χ(3,1))t+ (χ(4) + 2χ(3,1))t2 + (χ(4) + 2χ(3,1))t3
+ (χ(4) + χ(3,1))t4 + χ(4)t5.
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3.6. A note on socles. If I ⊆ R is an artinian ideal, the socle of R/I is
defined as
{r¯ ∈ R/I | ∀i ∈ {1, . . . , n}, xir ∈ I}.
In the case of a complete intersection ideal I, the quotient R/I is Gorenstein
(cf. [Eis95, Corollary 21.19]). In particular, the socle of R/I is a k-vector
space of dimension one (see [Eis95, Proposition 21.5]). In fact, the socle will
be the graded component of R/I of the highest degree. When I is Sn-stable,
so is the socle. Hence it is natural to ask whether the socle of R/I is a trivial
or alternating representation.
The ideals in the examples of this section are all artinian. In Example
3.3 the ideal is generated by symmetric polynomials and the socle is alter-
nating. In Examples 3.5, 3.7, and 3.10 the ideal has generators that are not
symmetric and the socle is trivial.
In fact, the socle of R/I is alternating if and only if I is generated by
symmetric polynomials. Although it may be possible to prove this fact
using the character formulas we presented, this result is a special case of
[BGT00, Theorem 3.2] and [Rot05, Theorem 3.1].
Appendix A. The character table of S4
1 6 8 6 3
1 (1 2) (1 2 3) (1 2 3 4) (1 2)(3 4)
χ(4) 1 1 1 1 1
χ(3,1) 3 1 0 -1 -1
χ(2,2) 2 0 -1 0 2
χ(2,12) 3 -1 0 1 -1
χ(14) 1 -1 1 -1 1
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